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We shall be considering autonomous ordinary differential equations on 
Euclidean n-space R* whose trejectories exist for all time and are uniquely 
determined by their initial conditions. Jones and Yorke [l] have recently 
given examples of such equations for n > 2 which have the property that 
every trajectory is bounded, and yet there are no singularities. Of course, 
by the PoincarbBendixson theory no such example can exist for n = 2. 
We shall show that their result is a corollary to the construction in [3]. 
Viewing this result somewhat differently, we construct examples of differential 
equations on Rn for which the origin is the only singularity, the index of this 
singularity is any specified integer R, and yet no trajectory adheres to the 
origin (we shall say that a trajectory adheres to the origin if the origin is 
contained in either its DI- or w-limit set). For the benefit of the reader, we 
restate the result from [3] which we shall need for these applications. A &-torus 
is the topological product of k circles. 
THEOREM 1. Let Mn denote a separable, paracompact manifold of dz$eeren- 
tiability class CrfL (1 < r < co), and let F denote a nonsingular Cr vector 
field on Mn. Then there is a countable collection of disjoint, closed n-cells (Bi> 
in M” and a CT vectorJield G on Mn such that 
(a) F and G coincide on M” - UT=, Bi . 
(b) There are two (n - 2)-tori Ti , Ti’ C Bi on which the flow induced 
by G is minimal. 
(c) Every trajectory of G is bounded and has its (II- and w-limit sets con- 
tained in (Uz,T,) u (Uz, T,‘). 
THEOREM 2. Let n. > 2. Then. there is a differential equation k = G(x) 
on Rn, such that every trajectory is bounded and such that there are no closed 
invariant sets of dimension less than n - 2. 
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Proof. Let F : Rn -+ R” by F(x) = (1,0 ,..., 0) and consider 3i = P(X). 
By Theorem 1 there is a nonzero C” function G defined on RR such that the 
differential equation k = G(x) has every trajectory bounded and adhering 
to an invariant (72 - 2)-torus. 
THEOREM 3. Let n > 2. Then there is a dzperential equation i = G(x) 
on R” with G(0) = 0, and G(x) # 0 f OY x # 0. G can be chosen to give any 
desired index at 0, so that the differential equation has no other minimal sets of 
dimension smaller than n - 2, and so that no trajectory of the equation adheres 
to 0. 
Proof. Choose F to be any smooth function satisfying F(0) = 0, F(x) # 0 
for x # 0, and 3 = F(x) has the specified index at 0. Applying Theorem 1 
to the induced vector field on R” - 0, we obtain the desired function G. 
The fact that F and G give the same index at 0 follows by choosing an em- 
bedded P-1 in RN which encloses 0 and which does not intersect any of the 
closed n-cells B, . Since F j S”-l = G 1 P--l, it follows that the origin has 
the same index under F and G. 
We shall now extend these results to the case of periodic solution. Befure 
making this extension we shall describe the index of a periodic solution and a 
method for constructing differential equations which have a periodic solution 
of any desired index. 
Suppose we have a differential equation on R” and that y is an isolated 
periodic solution. Then for any point p in y and any transversal T to the 
flow atp, the flow induces a homeomorphism h : (T, p) -+ (T, p). By differen- 
tiability in initial conditions, h is as differentiable as the original differential 
equation, and since y is an isolated periodic solution, h has no other fixed 
points. The transversal T is locally diffeomorphic to R+l. We define the index 
of y to be the index of the homeomorphism h at p, i.e., the index of & = x - 
h(x) at 0. In the case where a homeomorphism is induced by translation 
along the trajectories of a differential equation on R*-1, the index of the homeo- 
morphism at a fixed point coincides with the index of the corresponding 
singularity to the differential equation. 
We shall now construct an example of a periodic solution with a desired 
index. We first construct the equation on Rn-l x S, and then we shall 
extend to all of R*. Take coordinates (x, 0) on R”-l x 9. For a given integer 
k, let F : (R+l, 0) -+ (R”-l, 0) b e a P function such that the differential 
equation $ = F(x) has index k at the origin. Consider the equation on 
R%-l x 9 given by 3i = F(x), 4 = c for some positive constant c. This 
equation has the set y = 0 x S1 for an isolated periodic’ solution, and for any 
transversal T = Rn-i x f?, , the induced mapping h is just the mapping 
induced on R--r by translating along the trajectories of 3 = F(x) for time 
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2~1~. Therefore the index of y is k. In order to obtain the desired equation 
on R”, we take any embedding of Rn-l x 9 into Rn, and define G : Rn-+ R” 
to be a CT function which coincides with our given function near y and which 
does not have the origin in its image. Then t = G(x) has the desired pro- 
perties. 
THEOREM 4. Let n > 3. Then there is a da@rential equation on R” with an 
isolated periodic solution y of arbitrary specified index, which has no other 
minimal sets of dimension smaller than n - 2, and such that no trajectory 
adheres to the periodic solution. 
Proof. Let k be the desired index. By theorem 3 there is a differential 
equation k = F(x) on R”-l whose only singularity is at the origin and such 
that this singularity has index k, no trajectory adheres to the origin, and 
there are no other minimal sets of dimension smaller than n - 3. Using 
this differential equation in the previous construction where c is chosen to 
induce a minimal flow on Ti x 9, we obtain a differential equation which 
satisfies the requirements of the theorem near y. Extend this system to a 
system on RN as above. The resulting system satisfies the requirements of 
this theorem except that there may be other periodic solution or low-dimen- 
sional minimal sets outside of a neighborhood of y. Apply theorem 1 again 
to alter the differential equation outside of this neighborhood of y and the 
theorem is proved. 
All of the previous theorems generalize to flows on manifolds. The state- 
ments must be modified in the case of closed manifolds (compact and without 
boundary) because the sum of the indices of the singular points must equal 
the Euler characteristic of the manifold. We state and prove the analogs of 
theorems 2,3, and 4. 
THEOREM 5. Let n > 2 and let Mm be a closed, connected Cr+l n-man$old 
(1 < Y < CO). Then there is a CT vectorJield on M” which has only one singular 
point p. The index of this singular point is equal to the EuL characteristic of Mn, 
and no trajectory adheres to p. All other minimal sets are (n - 2)--tori. 
Proof. Let F denote Cr vector field on Mn which has a finite singular set 
(e.g., this will be the case if all of the singularities are generic). Pick a point p 
in M” and choose an arc from p to each singular point. These arcs can be 
taken to be disjoint except for the common endpoint p. The union of these 
arcs is a star-like subset S of M”, whose complement is diffeomorphic to 
Mn - (p}. Multiplying F by a scalar valued function, we obtain a vector 
field F’ which is singular on S. Let G denote the vector field on M* defined 
by G(p) = 0, and G is the image of F’ under the mapping induced by the 
diffeomorphism of MS - S onto Mn - (p]. Then G is a vector field on MN 
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which has one singular point p, and the index of p is the Euler characteristic 
of .M*. Applying the construction used in the proof of Theorem 3 to the 
manifold &In - (p], we modify G to obtain the vector field required for this 
theorem. 
THEOREM 6. Let n > 2 and let M” be an open, comrected, paracompact 
Cr+l n-manifold (1 < r < CO). Then there is a CT vector fieldF on ikP satisfy@: 
1. The trajectories ofF exist for all time; 
2. Every trajectory of F is bounded; 
3. Every w and w-limit set of F is an (n - 2)-torus. 
Proof. Let G denote a vector field on M” which has isolated singularities 
and such that /j G 11 < K and Ij DG 11 < K relative to a family of charts 
h, : B* -+ Mn where B” denotes the unit ball in R” and (h,(B”)) covers MR. 
Then the trajectories of G exist for all time, and the singular set of G is coun- 
table, say (pl,p,, . ..} is the singular set. Let (L,)be a family of disjoint Cr curves 
such that L, begins at Pj and runs to infinity (the edge of &P). ~~tiplying 
G by a scalar function, we obtain a vector field G’ which has its trajectories 
defined for all time and which has ut, L, for its singular set. Since Mm is 
difFeomorphic to M” - u&L, , we can induce a vector field N on BP which 
has no singularities and whose trajectories are defined for all time. Applying 
Theorem 1 to H, we obtain the required vector field. 
THEOREM 7. Let n > 2, let M” be an opepl, connected, paracompact, C++I 
n-manifold (1 < r < 00) and let k be a given integer. Therz there is a CT vector 
Jield F on MB satisfying: 
1. The trajectories of F exist for all tiwe; 
2. Every trajectory of F is bounded; 
3. There is exactly one singular point p for P, 
4. The index of F at p is k; 
5. No trajectory of F adheres to p; 
6. Every a- and w-limit set of F / Mn - {p} is an (n - 2)-torus. 
Proof. Let G denote a vector field as in the proof of Theorem 6 and in 
addition require that some set of singularities (p, ,..., px?> of G have total 
index k. Let (ql, 4% ,...> d enote the rest of the singularities. As in the proof 
of Theorem 5, construct a star-like set 5’ from p to (p, ,..., pl,) and as in the 
proof of theorem 6 construct the curves L, from qi to infinity. Alter G to G 
492 WILSON 
having S u (uLILi) f or its singular set and induce a vector field H on 
Mn - {p] by the diffeomorphism 
Apply Theorem 1 to H 1 MS - {p> to obtain the required vector field. 
THEOREM 8. Let n > 3, and let Mn be a connected, paracompact, C++l 
n-manifold (1 < I < CO). Suppose that F is a vector Jield on Mn and that y 
is a periodic solution of F. Then there is a CT vector jield G on Mn and neigh- 
borhoods U, V of y satisfying B C U and 
1. G]M*-U=FIMa-U; 
2. y is a periodic solution of G; 
3. Every other minimal set of G which is contained in V has dimension  - 2; 
4. No trajectory of G adheres to y. 
Proof. It s&ices to take U to be a tubular neighborhood of y and V 
a smaller tubular neighborhood(a tubular neighborhood ofyis a neighborhood 
of y which has the structure of a fiber bundle withy for base space, IV-l for 
fiber, andthegroupof orthogonal(n - 1) x (n - 1)matrices for structural group 
([2], Sections 2 and 3). U can be chosen small enough so that F is transverse 
to the fibers of U. If H is a vector field on U which is transverse to the fibers 
and which satisfies conditions 2, 3, and 4 of this theorem, then for any 
tubular neighborhood V of y such that p C U, we can find a CT function 
cz:M73-+[Q,1]suchthata:~~=Oand~~M~-U=l.Defining 
G(4 = 44 FM + [l - 441 H(@, 
we obtain a vector field transverse to the fibers of U, hence nonsingular 
on U, and which satisfies the requirements of this theorem. Thus, it suffices 
to construct the vector field H. If U is a product, then the construction used 
to prove Theorem 4 can be used to produce H. If U is not a product, then 
the twofold covering mapping s’ -+ y induces a vector bundle 0 over S 
such that the associated bundle mapping 0 ---t U is a 2-fold covering, and 0 
is a product ([2], Sections 10 and 14). Now we can use the construction 
3i =f(x), B = 1 as in Theorem 4 to obtain a vector field with the desired 
properties on 0. Unfortunately, such a vector field does not necessarily 
induce a vector field on U via the covering mapping. There is no loss in 
assuming that the twist in U is given by a single orientation reversing 
orthogonal matrix A. If the function f satisfies the symmetry relation f(x) = 
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f&4x), then the vector field on 0 does induce a vector field H of the desired 
type on U. 
Remarks. By applying the procedure of theorem 6 to remove singularities 
and Theorem 1 to remove other minimal sets of lower dimension, we could 
obtain a vector field having all trajectories bounded, one periodic solution y, 
no trajectory adhering to y, and every other minimal set of dimension n - 2. 
Note in particular, that the index of y is the index of H at y. In the case 
where U is a product there is no constraint. In the case where U is twisted, 
the condition f(x) =f(A ) x ma o er some constraint on the index of y y ff 
([4], Section 3). 
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